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COHOMOLOGY OF BURNSIDE RINGS
BENEN HARRINGTON
Department of Mathematics, University of York, York YO10 5DD, UK
Abstract.
Let G be a finite group and A(G) its Burnside ring. For H ⊂ G let ZH denote
the A(G)-module corresponding to the mark homomorphism associated to H . When
the order of G is square-free we give a complete description of the A(G)-modules
ExtlA(G)(ZH ,ZJ) and Tor
A(G)
l (ZH ,ZJ) for any H, J ⊂ G and l ≥ 0. We show that if
the order of G is not square-free then there exist H, J ⊂ G such that ExtlA(G)(ZH ,ZJ)
and Tor
A(G)
l (ZH ,ZJ) have unbounded rank as finite groups.
Preliminaries.
Let G be a finite group. The isomorphism classes of finite G-sets form a commutative
semi-ring where addition is given by disjoint union and multiplication is given by
cartesian product. The Burnside ring A(G) is the Grothendieck ring associated to
this semi-ring. For a finite G-set X, we write [X ] for the corresponding isomorphism
class in A(G). We first recall some facts about the Burnside ring, see [6] (Chapter 1)
for proofs and further details.
Given a subgroup H ⊂ G, the set of left cosets G/H has the natural structure of a
G-set, where for g, g′ ∈ G and g′H ∈ G/H , we have g ·g′H = gg′H . Given J ⊂ G, the
G-sets G/H and G/J are isomorphic if and only if H is conjugate to J in G. Each
transitive G-set X is isomorphic to G/H for some H ⊂ G, and the Burnside ring is
free on the set of isomorphism classes of transitive G-sets. Write ccs(G) for the set of
conjugacy classes of subgroups of G. For H ⊂ G, write (H) for the conjugacy class
of subgroups to which H belongs.
For a subgroup H ⊂ G and finite G-set X, let XH denote the subset of X of points
fixed by H . The mark homomorphism πH : A(G)→ Z associated to H is defined by
putting πH([X ]) = |X
H | for each finite G-set X and extending to A(G). Write ZH
for the left A(G)-module structure on Z defined by a · n = πH(a)n for a ∈ A(G) and
n ∈ Z.
Lemma 1. Let H, J be subgroups of G.
(1) πH([G/H ]) = [NGH : H ].
(2) πJ([G/H ]) 6= 0 if and only if J is conjugate to a subgroup of H .
(3) πH = πJ if and only if (H) = (J).
For each (H) ∈ ccs(G) we then have a well-defined homomorphism π(H) = πH . We
have a homomorphism of rings
π : A(G)→
∏
(H)∈ccs(G)
Z
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where for a ∈ A(G),
a 7→ (π(H)(a))(H)∈ccs(G).
This is an embedding of rings. The ring
∏
(H)∈ccs(G) Z is called the ghost ring of G.
Most of our results on the Burnside ring hold more generally for arbitrary subrings of
the ghost ring, and in the next section we introduce the notion of a B-ring in order
to provide the appropriate setting for stating these results.
Let R be a commutative ring. Let Ab be the category of abelian groups and R-Mod
the category of left R-modules. For R-modules M , N , the functors HomR(M,−) :
R-Mod → Ab and HomR(−, N) : R-Mod → Ab are left exact. For l a non-negative
integer, we write ExtlR(M,N) for the lth right derived functor of HomR(M,−) applied
to the module N , or equivalently for the lth right derived functor of HomR(−, N)
applied to the module M . The functor −⊗RN : R-Mod→ Ab is right-exact, and we
write TorRl (M,N) for the lth left derived functor of − ⊗R N applied to the module
M . Since R is a commutative ring, each ExtlR(M,N) and Tor
R
l (M,N) is naturally
endowed with the structure of a left R-module. In what follows all modules over a
commutative ring are left modules.
B-rings.
For I a finite set, define Gh(I) =
∏
i∈I Z. Let R be a subring of Gh(I) and for each
i ∈ I let πi be the corresponding projection R→ Z. For r ∈ R, write r(i) for πi(r).
Definition 2. Say that R ⊂ Gh(I) is a B-ring if for each distinct pair i, j ∈ I there
exists an r ∈ R with r(i) 6= 0 and r(j) = 0.
If some subring R ⊂ Gh(I) is not a B-ring, with i, j ∈ I a pair for which the above
condition fails, then it is clear that r(i) = r(j) for all r ∈ R. Then R is isomorphic
to the ring S ⊂ Gh(I − {j}) obtained by omitting the factor corresponding to j.
Repeating this process if necessary we obtain a subset I ′ ⊂ I and a B-ringR′ ⊂ Gh(I ′)
with R isomorphic to R′.
We give an intrinsic definition of these rings as follows.
Proposition 3. A ring S is isomorphic to a B-ring R ⊂ Gh(I) for some finite set
I if and only if S is a commutative ring which is of finite rank and torsion-free as a
Z-module, with Q⊗Z R a product of |I| copies of Q.
Proof. If R ⊂ Gh(I) is a B-ring then it is certainly commutative and torsion-free,
since Gh(I) is. As a Z-module Gh(I) is finitely generated, so R is of finite rank. For
each pair i, j of distinct elements of I, let ri,j be an element of R satisfying r(i) 6= 0
and r(j) = 0. Then putting si =
∏
j 6=i ri,j for each i ∈ I, we have si(j) 6= 0 if and
only if i = j. Let N =
∏
i∈I si(i) and Ni = N/si(i). For i ∈ I write ei for the
corresponding primitive idempotent of Gh(I). Then
N · ei = Nisi ∈ R,
and so N ·Gh(I) ⊂ R ⊂ Gh(I). Hence
Q⊗Z R ≃ Q⊗Z Gh(I) ≃
∏
i∈I
Q,
i.e. Q⊗R is isomorphic to a product of |I| copies of Q.
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Suppose S is a commutative ring which is of finite rank and torsion-free as a Z-
module, with Q⊗Z S a product of finitely copies of Q. Then we have an isomorphism
θ : Q⊗ S →
∏
i∈I′
Q
for some finite indexing set I ′.
Since S is torsion-free, Q⊗ S contains a copy of S as the subring 1⊗ S ⊂ Q⊗ S.
Denote the image θ(1 ⊗ S) by S ′ ⊂
∏
i∈I′ Q, and for each i ∈ I
′ let πˆi denote the
projection map
∏
i∈I′ Q → Q onto the ith factor. Write πi for the restriction of πˆi
to S ′. Since S ′ is of finite rank as a Z-module we must have that πi(S) ⊂ Z ⊂ Q
for each i ∈ I ′. We can then regard S ′ as sitting inside Gh(I ′) =
∏
i∈I′ Z ⊂
∏
i∈I′ Q.
We claim that this embedding defines a B-ring. For s ∈ S, write s′ for the element
θ(1⊗ s) of S ′. It remains to show that for each distinct pair i, j ∈ I ′ we can find an
element s ∈ S such that πi(s
′) 6= 0 and πj(s
′) = 0.
Let f1, . . . , fn be the primitive idempotents of Gh(I
′), and note that πˆj(fi) = 1 if
j = i and πˆj(fi) = 0 otherwise. For each i ∈ I, we have fi = θ(qi⊗ ti) for some qi ∈ Q
and ti ∈ S. Then t
′
i = θ(1⊗ ti) = (1/qi) ·θ(qi⊗ ti) = (1/qi)fi, and so πi(t
′
i) = 1/qi 6= 0
and πj(t
′
i) = 0 for each j 6= i. Thus t
′
i satisfies the condition of Definition 2 for any
j 6= i, and the embedding S ′ ⊂ Gh(I ′) defines a B-ring. 
Let R ⊂ Gh(I) be a B-ring. For each i ∈ I we have an R-module Zi defined by
letting R act on the set Z by r · n = r(i)n for r ∈ R and n ∈ Z.
Lemma 4. The R-modules ExtlR(Zi,Zj) and Tor
R
l (Zi,Zj) are finite for any l ≥ 1
and i, j ∈ I.
Proof. Note that RQ := Q⊗Z R is semisimple. Then
ExtlRQ(Q⊗Z Zi,Q⊗Z Zj) = 0
for any l ≥ 1 and i, j ∈ I. But
Q⊗Z Ext
l
R(Zi,Zj) ≃ Ext
l
RQ
(Q⊗Z Zi,Q⊗Z Zj)
(see e.g. [7] Proposition 3.3.10) and so ExtlR(Zi,Zj) is torsion for any l ≥ 1 and
i, j ∈ I. Since it is also finitely generated, it is finite. The result for TorRl (Zi,Zj)
follows similarly. 
Let R ⊂ Gh(I) be a B-ring and M a finitely generated R-module. Let F• be a free
R-module resolution of M , where Fl = R
⊕nl for l ≥ 0. Applying HomR(−,Zj) for
some j ∈ I gives a chain complex where each term is of the form HomR(R
⊕nl,Zj) ≃
Z⊕nlj . Applying − ⊗R Zj gives a chain complex where each term is of the form
R⊕nl ⊗ Zj ≃ Z
⊕nl
j . Ext
l
R(M,Zj) and Tor
R
l (M,Zj) are then isomorphic to subquo-
tients of Z⊕nlj , and it follows that the R-module structure of each Ext
l
R(M,Zj) and
TorRl (M,Zj) is given by r ∈ R acting by r(j). It follows that for i, j ∈ I and l ≥ 0,
any direct sum decomposition of ExtlR(Zi,Zj) or Tor
R
l (Zi,Zj) as an abelian group is
automatically a decomposition as an R-module.
By instead considering the functor Zi⊗R− for i ∈ I, we note that for any R-module
N , the R-module structure of TorRl (Zi, N) for each l ≥ 0 is given by r acting by r(i).
Similarly, by considering an injective resolution of N , we have that the R-module
structure of each ExtlR(Zi, N) is given by r ∈ R acting by r(i).
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Definition 5. For distinct i, j ∈ I, define d(i, j) to be the greatest positive integer
such that r(i) ≡ r(j) mod d(i, j) for each r ∈ R.
Since theR-module structure of each ExtlR(Zi,Zj) and Tor
R
l (Zi,Zj) is given by both
r acting by r(i) and r acting by r(j), it follows that each indecomposable R-module
summand of ExtlR(Zi,Zj) and Tor
R
l (Zi,Zj) must be of the form Zi/mZi ≃ Zj/mZj
for some m | d(i, j).
Fix some rational prime p and put k = Fp. For a commutative ring S write S for
the quotient ring S/pS ≃ S ⊗Z k. For an S-module M , write M for the S-module
M/pM . If M is annihilated by p, we will also denote the associated S-module by M .
Lemma 6. Let S be a commutative ring which is free as a Z-module. Let M be a
torsion-free S-module and N an S-module annihilated by pS. Then
ExtlS(M,N) ≃ Ext
l
S
(M,N)
and
TorSl (M,N) ≃ Tor
S
l (M,N)
for each l ≥ 0.
Proof. For any S-module X, any homomorphism of S-modules φ : X → N must
vanish on pX, and so we have an induced homomorphism φ : X → N . Similarly,
any homomorphism of S-modules ψ : X → N lifts to a homomorphism of S-modules
X → N . It follows that
HomS(X,N) ≃ HomS(X,N).
Let (F•, ∂•) be a free S-module resolution ofM . In particular F• is a free Z-module
resolution of the Z-moduleM , so applying −⊗Z k gives a chain complex over M with
homology groups TorZl (M, k). But M is torsion-free so the homology groups vanish
and the chain complex is exact. Since F• is a free S-module resolution, F• ⊗Z k is a
free S-module resolution.
Applying HomS(−, N) to F• ⊗Z k and computing cohomology then computes the
groups Extl
S
(M,N). But HomS(S,N) ≃ HomS(S,M), so this is the same as applying
HomS(−, N) to F• and taking cohomology, i.e. computing the groups Ext
l
S(M,N).
The proof for TorSl (M,N) is analogous. 
For a B-ring R ⊂ Gh(I) and i ∈ I, write ki for the R-module where r ∈ R acts on
the field k by r(i). Put R = R⊗Z k.
For each j ∈ I we have a short exact sequence of R-modules
(†) 0→ Zj
p
−→ Zj → kj → 0,
where the map Zj → Zj is given by multiplication by p. Applying HomR(Zi,−) gives
a long exact sequence beginning with
0 HomR(Zi,Zj) HomR(Zi,Zj) HomR(ki, kj)
Ext1R(Zi,Zj) Ext
1
R(Zi,Zj) Ext
1
R
(ki, kj)
Ext2R(Zi,Zj) Ext
2
R(Zi,Zj) . . .
p
p
p
COHOMOLOGY OF BURNSIDE RINGS 5
where we make use of the additivity of ExtlR(Zi,−) for each l ≥ 1 to identify each
map ExtlR(Zi,Zj) → Ext
l
R(Zi,Zj) as multiplication by p, and make use of Lemma 6
above to replace each ExtlR(Zi, kj) with Ext
l
R
(ki, kj).
For each l ≥ 1 and each rational prime q, letMl,q be the submodule of Ext
l
R(Zi,Zj)
annihilated by some power of q. Since ExtlR(Zi,Zj) is finite, it follows that we have
a decomposition of R-modules
ExtlR(Zi,Zj) ≃
⊕
q
Ml,q
where the sum is over all rational primes q.
For l ≥ 1, let al be the rank of Ml,p, and let bl be the k-dimension of Ext
l
R
(ki, kj).
Note that al is equal to the number of summands appearing in a decomposition ofMl,p
as a sum of indecomposable R-modules. For a non-zero indecomposable summand
Z/pαZ of Ml,p, the map Z/p
αZ
p
−→ Z/pαZ has kernel pα−1Z/pαZ ≃ Z/pZ. So for
l ≥ 1, the kernel of the map
(
ExtlR(Zi,Zj)
p
−→ ExtlR(Zi,Zj)
)
is a k-vector space with
dimension al. Similarly, the cokernel of this map is a k-vector space of dimension al,
and so the image of the connecting homomorphism Extl
R
(ki, kj)→ Ext
l+1
R (Zi,Zj) has
dimension bl − al. Hence
al+1 = dimk ker
(
Extl+1R (Zi,Zj)
p
−→ Extl+1R (Zi,Zj)
)
= dimk im
(
Extl
R
(ki, kj)→ Ext
l+1
R (Zi,Zj)
)
= bl − al
for l ≥ 1. In order to determine the sequence al, it is then sufficient to compute the
sequence bl.
Applying Zi ⊗R − to (†) gives a long exact sequence ending with
. . . TorR2 (Zi,Zj) Tor
R
2 (ki, kj)
TorR1 (Zi,Zj) Tor
R
1 (Zi,Zj) Tor
R
1 (ki, kj)
Zi ⊗ Zj Zi ⊗ Zj ki ⊗ Zj 0.
p
p
Write zl for the p-rank of Tor
R
l (Zi,Zj) and yl for the dimension Tor
R
l (ki, kj). Then
repeating the same argument as above gives
zl = yl+1 − zl+1
for l ≥ 1.
B-rings modulo a prime.
Since a B-ring R ⊂ Gh(I) is of finite rank as a Z-module, R is a finite-dimensional
k-algebra, and we have an R-module decomposition of R as a direct sum of finitely
many indecomposable projective R-modules. Since R is commutative, this is a decom-
position of commutative local k-algebras. By the usual block theory considerations
(see e.g. [1] Chapter II.5), studying the cohomology of R reduces to studying the
cohomology of these indecomposable summands.
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Define a relation ∼′p on I by putting i ∼
′
p j if and only if p | d(i, j) for i 6= j. Note
that by the definition of d(i, j) this relation is symmetric and transitive, and we write
∼p for the equivalence relation defined by taking its reflexive closure. Let E denote
the set of equivalence classes of I with respect to ∼p. For an equivalence class E ∈ E ,
write kE for the (well-defined) R-module which is k as an abelian group and where
r ·m = r(i)m for m ∈ k and where i is any element of E.
Lemma 7. For each E ∈ E there exists an r ∈ R such that r(i) ≡ 1 mod p for each
i ∈ E and r(j) ≡ 0 mod p for each j /∈ E.
Proof. For each equivalence class E ′ distinct from E, we have an rE′ ∈ R with
rE′(i) 6≡ rE′(j) mod p for i ∈ E and j ∈ E
′. Subtracting rE′(j) if required, we can
assume rE′(j) = 0, and hence p ∤ rE′(i). Replacing rE′ by r
p−1
E′ if required, we can
assume rE′(i) ≡ 1 mod p. Then putting r =
∏
E′∈E
E′ 6=E
rE′ it is clear that r has the
claimed properties. 
Proposition 8. We have a surjective homomorphism of k-algebras
θ : R→
∏
E∈E
kE
with kernel the radical of R.
Proof. We have a homomorphism of rings
R→
∏
E∈E
kE
given by
r 7→ (r(i) mod p)E∈E
where i ∈ E. By Lemma 7 this homomorphism is surjective. The kernel of this map
contains pR, and we let θ be the induced surjective homomorphism of k-algebras.
Since
∏
E∈E kE is semisimple, the kernel of θ certainly contains the radical of R. It
remains to show the reverse inclusion.
As in the proof of Proposition 3, choose for each i ∈ I an element si ∈ R such
that si(j) 6= 0 if and only if j = i. Let si(i) = p
tini where ni is coprime to p; put
t = maxi ti and put N =
∏
i∈I ni. Let r ∈ R be such that r(i) ≡ 0 mod p for each
i ∈ I. Putting q = Nrt+1, we have that psi(i) | q(i) for each i ∈ I, and so we can
define integers mi ∈ Z by requiring q(i) = pmisi(i). It follows that
q = p ·
∑
i∈I
misi
and so q ∈ pR. Then the image of q in R is zero, and hence the image of rt+1 in R
is zero, since N is coprime with p.
It follows that the kernel of θ is nilpotent, and hence equal to the radical of R. 
Corollary 9. i. R is the direct sum of |E| indecomposable k-algebras;
ii. the set {kE}E∈E is a complete irredundant set of irreducible modules for R;
iii. the dimension of the indecomposable summand corresponding to ki is |E|, the
cardinality of the ∼p-equivalence class of i ∈ I. The maximal ideal of each
indecomposable summand has codimension 1.
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Proof. The only part that does not follow immediately is iii. For an equivalence
class E, let R′ be the B-ring R′ ⊂
∏
i∈E Z induced by R, and πE : R → R
′ the
corresponding homomorphism. Then πE descends to a map R → R′ and this is a
surjection of k-algebras. Applying part i to R′, the k-algebra R′ is indecomposable
of dimension |E|, and so the indecomposable summand of R corresponding to E has
dimension ≥ |E|. Since we can do this for each equivalence class in E , the summand
must have dimension |E|. Since the radical of R has dimension dimR − |E|, the
radical of the summand corresponding to E must have dimension |E| − 1. 
It follows that each indecomposable summand of R is a commutative local finite-
dimensional k-algebra S with maximal ideal M satisfying S/M ≃ k. There is a
unique S-module structure on k where M · k = 0, and we denote this S-module by
k. The following result is standard (see [4] Chapter 2, §3).
Lemma 10. Let S be as above. Then TorSl (k, k) ≃ Ext
l
S(k, k) as S-modules for each
l ≥ 0.
Corollary 11. For i, j ∈ I, write al for the p-rank of Ext
l
R(Zi,Zj) and zl for the
p-rank of TorRl (Zi,Zj). Then zl = al+1 for all l ≥ 1.
Proof. We have recurrence relations
al+1 = bl − al
and
zl = yl+1 − zl+1
for l ≥ 1, where bl and yl are the dimensions of the k-vector spaces Ext
l
R
(ki, kj) and
TorRl (ki, kj) respectively. If i 6∼p j then Ext
l
R
(ki, kj) = Tor
R
l (ki, kj) = 0 for each l and
the result is trivially true. Otherwise, by Lemma 10 we have bl = yl.
Suppose i = j. It is clear that HomR(Zi,Zi) ≃ Zi and HomR(Zi, ki) ≃ ki so the
long exact sequence associated to (†) begins with the short exact sequence
0→ HomR(Zi,Zi)
p
−→ HomR(Zi,Zi)→ HomR(Zi, ki)→ 0.
It follows that the map Ext1R(Zi,Zi)
p
−→ Ext1R(Zi,Zi) is injective and hence Ext
1
R(Zi,Zi)
has zero p-part and a1 = 0. Similarly, z1 = b1, and the recurrence gives zl = al+1 for
all l ≥ 1 as claimed.
Suppose i 6= j with i ∼p j. It is clear that HomR(Zi,Zj) = 0 and HomR(Zi, kj) ≃
kj, so by inspection of the long exact sequence associated to (†) we have a1 = 1.
Similarly we have Zi ⊗ Zj ≃ Zj/d(i, j)Zj and Zi ⊗ kj ≃ kj from which we obtain
z1 = b1 − 1, and once more we have zl = al+1 for each l ≥ 1. 
Corollary 12. Suppose p ∤ d(i, j) for all distinct i, j ∈ I. Then R is semisimple.
Proof. Since p ∤ d(i, j) for all distinct i, j ∈ I, we have |E| = |I| and the homomor-
phism θ of Proposition 8 is an isomorphism. 
Corollary 13. Let i, j ∈ I be distinct with d(i, j) = 1. Then
ExtlR(Zi,Zj) = 0
for all l ≥ 0.
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Proof. The case l = 0 is immediate.
Since p ∤ d(i, j), the simples modules ki and kj are non-isomorphic and therefore
belong to different blocks of the commutative k-algebra R. Then Extl
R
(ki, kj) = 0 for
each l ≥ 0, and so the p-part of ExtlR(Zi,Zj) is zero for each l ≥ 0. Since this is true of
any prime p, and since ExtlR(Zi,Zj) is finite for l ≥ 1, it follows that Ext
l
R(Zi,Zj) = 0
for all l ≥ 1. 
Corollary 14. Suppose that distinct elements i, j of I are such that {i, j} is an equiv-
alence class for the relation ∼p on I. Write al and a
′
l for the p-ranks of Ext
l
R(Zi,Zi)
and ExtlR(Zi,Zj) respectively. Then
al =
{
0 if l odd
1 if l even
a′l =
{
1 if l odd
0 if l even
for all l ≥ 1.
Proof. The algebra R has an indecomposable 2-dimensional k-algebra summand cor-
responding to the pair {i, j}. Any indecomposable local k-algebra of dimension 2
with maximal ideal of codimension 1 is isomorphic to A = k[x]/(x2). We have a free
A-module resolution of k given by
. . .→ A→ . . .→ A→ A→ k → 0
where each map A → A is given by 1A 7→ x, and so Ext
l
A(k, k) ≃ k for all l ≥ 0,
i.e. in the notation of our recurrence relations we have bl = 1 for all l ≥ 1. Now
al+1 = bl − al and a
′
l+1 = bl − a
′
l, where a1 = 0 and a
′
1 = 1, from which the corollary
follows immediately. 
The Burnside ring as B-ring.
Proposition 15. The embedding π : A(G)→ Gh(ccs(G)) defines a B-ring.
Proof. We need to show that for non-conjugate subgroups H, J ⊂ G we can find an
a ∈ A(G) with πH(a) 6= 0 and πJ(a) = 0. Now if J is not conjugate to a subgroup
of H , then a = [G/H ] suffices. Otherwise, if J is conjugate to a subgroup of H then
H is not conjugate to a subgroup of J , and putting a = [NGJ : J ][G/G]− [G/J ] we
have πJ(a) = 0 and πH(a) = [NGJ : J ] 6= 0. 
For H ⊂ G and p a prime, let Op(H) denote the smallest normal subgroup K ⊳
H such that H/K is a p-group. We recall the following result due to Dress ([2]
Proposition 1).
Proposition 16. Let H, J be subgroups of G. Then πH(a) ≡ πJ(a) mod p for each
a ∈ A(G) if and only if Op(H) is conjugate to Op(J).
Since A(G) is a B-ring, we have integers d((H), (J)) defined for each distinct pair
(H), (J) ∈ ccs(G). For H, J ⊂ G non-conjugate subgroups, we write d(H, J) for
d((H), (J)). It follows immediately from Proposition 16 that p | d(H, J) if and only
if Op(J) is conjugate to Op(H).
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Corollary 17. Let H, J ⊂ G be subgroups such that Op(H) is not conjugate to
Op(J) for any rational prime p. Then
ExtlA(G)(ZH ,ZJ) = 0
for all l ≥ 0.
Lemma 18. d(H, J) | |G| for each pair H, J of non-conjugate subgroups of G.
Proof. Without loss of generality we can suppose that H is not conjugate to a sub-
group of J . Then πH([G/J ]) = 0 and πJ([G/J ]) = [NGJ : J ]. It follows that
d(H, J) | [NGJ : J ] and hence d(H, J) | |G|. 
Corollary 19. Suppose p | |G| and p2 ∤ |G|. Let E be the set of equivalence classes of
the relation ∼p on ccs(G), and let E1, . . . , Eq be the equivalence classes of cardinality
2. For H ⊂ G and l ≥ 1, write MH,l for the p-part of Ext
l
A(G)(ZH ,ZH); for J ⊂ G
not conjugate to H and l ≥ 1, write NH,J,l for the p-part of Ext
l
A(G)(ZH ,ZJ). Then
i. each E ∈ E has cardinality ≤ 2;
ii. MH,l is non-zero for some l ≥ 1 if and only if (H) ∈ Ei for some 1 ≤ i ≤ q;
iii. NH,J,l is non-zero for some l ≥ 1 if and only if {(H), (J)} = Ei for some 1 ≤ i ≤ q;
iv. if (H) ∈ Ei for some 1 ≤ i ≤ q then
MH,l ≃
{
0 if l odd
Z/pZ if l even;
v. if {(H), (J)} = Ei for some 1 ≤ i ≤ q, then
NH,J,l ≃
{
Z/pZ if l odd
0 if l even.
Proof. Suppose E is an equivalence class of cardinality ≥ 3, and consider distinct
conjugacy classes of subgroups (H), (J), (J ′) in E. Without loss of generality we can
assume Op(J) = Op(J ′) = H . Then J/H and J ′/H are p-groups in NGH/H . Since
p2 ∤ |G|, we certainly have p2 ∤ |NGH/H|, so J/H and J
′/H are Sylow p-groups
in NGH/H . Then J/H and J
′/H are conjugate in NGH/H , and so J and J
′ are
conjugate in G, a contradiction. So each class E ∈ E has cardinality at most 2.
For parts ii and iii, we know by Corollary 14 that if (H) ∈ Ei for some i thenMH,l is
non-zero whenever l is even, and if {(H), (J)} = Ei for some i then NH,J,l is non-zero
whenever l is odd. Otherwise (H) /∈ Ei for each i, in which case by part i {(H)} is
an equivalence class in E and so the block corresponding to H is 1-dimensional and
MH,l = 0 for all l ≥ 1. Similarly, if {(H), (J)} 6= Ei for each i, then (H) and (J)
belong to distinct equivalence classes and NH,J,l = 0 for all l ≥ 0.
Suppose {(H), (J)} is an equivalence class in E . By Corollary 14, MH,l has a p-
power summand only when l is even, and NH,J,l has a p-power summand only when l
is odd. It remains to show that each p-power summand is in fact Z/pZ. For NH,J,l this
is clear since d(H, J) annihilates NH,J,l and p
2 ∤ d(H, J) by Lemma 18. For MH,l note
that by dimension shifting this is the p-part of Extl−1
A(G)(KH ,ZH) where KH = ker πH .
Since p2 ∤ d(H, J ′) for any J ′ ⊂ G, and since p | d(H, J ′) if and only if (J ′) = (J),
we can construct an sH ∈ A(G) such that πJ ′(sH) 6= 0 if and only if (H) = (J
′),
and such that p2 ∤ πH(sH). Now sH annihilates KH , so it follows that sH annihilates
ExtlA(G)(ZH ,ZH), and so a fortiori sH annihilates MH,l. So any p-power summand of
MH,l must be of the form Z/pZ. 
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Theorem 20. Suppose |G| is square-free. Then for all H, J ⊂ G and l ≥ 1, we have
an isomorphism of A(G)-modules ExtlA(G)(ZH ,ZJ) ≃ Ext
l+2
A(G)(ZH ,ZJ).
In the remainder we establish the converse, by showing that if |G| is not square-
free then there exists H, J ⊂ G such that the rank of ExtlR(ZH ,ZJ) is unbounded as
l → ∞. This is an easy consequence of the following two results. Recall that for a
field F , a commutative F -algebra S is said to be symmetric if there exists an F -linear
map λ : S → F such that ker λ contains no non-zero ideals of S.
Theorem 21 (Gustafson [5]). If p2 | |G| and F is a field of characteristic p then the
F -algebra A(G)⊗Z F is not symmetric.
Theorem 22 (Gulliksen [3]). Let S be a commutative noetherian local ring with max-
imal idealM and with residue field F = S/M. Then the sequence (dimTorSl (F, F ))l∈N
is bounded if and only if
d(S) ≥ dimM/M2 − 1,
where d(S) denotes the Krull dimension of S.
Theorem 23. If |G| is not square-free then there exist subgroups H, J ⊂ G such
that the groups ExtlA(G)(ZH ,ZJ) have unbounded rank.
Proof. Let p be a prime with p2 | |G| and put k = Fp. The algebra A(G) = A(G)⊗Z k
is not symmetric by Theorem 21, so it has an indecomposable k-algebra summand S
which is not symmetric. Now S is finite-dimensional so the maximal ideal M of S is
nilpotent. Then M is the only prime of S and d(S) = 0. It follows by Theorem 22
that the sequence (dimTorSl (k, k))l∈N is unbounded if and only if dimM/M
2 > 1.
If dimM/M2 = 0 then S = k is clearly symmetric. Suppose dimM/M2 = 1. Let
t ∈ S generate M and note that {1S, t, . . . , t
q} is a vector space basis for S for some
q ≥ 1. Define λ : S → k by putting
λ
(
q∑
i=0
ait
i
)
= aq.
Now if J ⊂ S is a non-zero ideal then we can choose some non-zero element s =∑q
i=0 bit
i in J , and choose m to be minimal such that bm 6= 0. Then t
q−ms =
bmt
q ∈ J is not in ker λ, so ker λ contains no non-zero ideals and S is symmetric, a
contradiction. It follows that dimM/M2 > 1 and the sequence (dimTorSl (k, k))l∈N =
(dimExtlS(k, k))l∈N is unbounded.
By Corollary 9, the summand S corresponds to some equivalence class E ∈ E , and
we have
dimExtlS(k, k) = dimExt
l
A(G)
(kE, kE).
LetH, J be subgroups ofG with (H), (J) ∈ E, let αl be the p-rank of Ext
l
A(G)(ZH ,ZJ),
and let βl be the dimension of Ext
l
A(G)
(kE, kE). We have a recurrence
αl+1 = βl − αl
for l ≥ 1. Since βl is unbounded, it follows immediately that αl is unbounded, and
hence the groups ExtlA(G)(ZH ,ZJ) have unbounded rank. 
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